INTRODUCTION
A rigid body can exhibit two kinds of rotations: it can spin around its axis and it can rotate around a distant point. For instance, a planet spins around its axis and rotates around the Sun. These two kinds of rotations can be associated with distinct contributions to the conserved quantity angular momentum, respectively, known as spin angular momentum (SAM) and orbital angular momentum (OAM). The former reflects an internal state of the object, while the latter regards its overall motion in space. A similar distinction can be made at a subatomic level when describing the motion of an electron around the nucleus. The electron being a point particle (to the best of our knowledge), one cannot truly talk of electron "rotation" around its axis. Yet, the electron is known to possess a welldefined SAM, described by a definite quantum number. A similar concept can be applied to photons, for which the SAM is associated with the polarization state of light, while the OAM is controlled by the wavefront shape in space. In the wave representation, a photon with a non-vanishing OAM quantum number will be represented by a wave function having a helical wavefront, whereas, in the particle representation, that photon will "twist" around its direction of propagation as it moves forward. For photons, the distinct physical meaning of the two angular momentum terms can be non-obvious at first sight, but it can be straightforwardly proven by experiments in which a nanoscale free particle is forced to rotate around its axis or around an external point by the interaction with SAM-or OAM-carrying photons, respectively [1, 2] . It is then possible to say that there is an exchange of each form of angular momentum between the photons and the particle. While the manipulation of light polarization in standard Gaussian beams is something routinely done in laboratories, the technology that allows one to arbitrarily shape the optical field spatial structure, including polarization and phase, has matured only in recent years-a research area nowadays known as "structured light". The topic of the light OAM, and more generally of singular optics, with its complex helical phase or polarization structures, is inextricably linked to the technology of structured light, including diffractive waveplates and similar devices, which are the main subject of this special issue.
The most straightforward method to implement an arbitrary wavefront reshaping is by introducing optics that make the optical path-length of the light beam vary across the beam transverse section, hence adding to the beam a spatially variant phase shift. This is achieved, for instance, by using a spiral phase plate or a spatial light modulator (SLM) [3] . A totally different approach, which is what we are mainly interested in here, relies instead on the concept of Pancharatnam-Berry (PB) phases [4] [5] [6] [7] [8] [9] [10] , which are phase shifts arising when the local polarization state of light is subjected to suitable transformations.
Q-plates were invented in 2006 starting from general considerations on the SAM and OAM exchanges that occur in inhomogenous anisotropic media, such as patterned liquid crystals (LCs) [6, 7] . A q-plate is a LC device having an azimuthal pattern of the LC molecular director around a central point. The q-plate pattern is characterized mainly by the topological charge q of the central singularity, which can be an integer or half-integer. A q-plate with q 1, which has global rotational symmetry with respect to its center, leads to an exact conversion of the SAM variation into OAM, within the same light beam, without any net angular momentum exchange with the medium. This process is called spin-to-orbital angular momentum conversion [6] . More generally, q-plates of arbitrary topological charge q allow generating light beams carrying an OAM of 2qℏ per photon, with the OAM sign controlled by the input polarization helicity. The working principle of q-plates can be best explained in terms of the PB phases generated by the patterned LC birefringence, and therefore q-plates are among the first examples of PB-based optical phase elements operating in the visible domain. In this respect, they represent an evolution of the mid-infrared-domain subwavelength-grating devices introduced in 2002 by Hasman and coworkers [5] (but these earlier works did not refer explicitly to the angular momentum transformations).
More generally, the technology at the base of q-plates can be extended to cover not only the case of beams with well-defined spiral wavefront and well-defined circular polarization (i.e., pure OAM and SAM eigenstates) but also more complex non-separable structures of wavefront and local polarization, such as, e.g., those falling in the class of vector-vortex beams. The study of complex structured light could be regarded as a renaissance of old-school classical optics, as many of its phenomena have been revisited with novel results [11] . Its implications, however, are much broader than this: for instance, new exciting playgrounds for quantum protocols based on twisted photons [12] have been created, or the possibility to generate three-dimensional complex field structures, such as the Möbius strips of optical polarization [13] .
The technological advantages of using q-plates instead of other technologies for producing structured light beams are many: (i) the conversion efficiency (ratio of OAM-converted light power over total transmitted light power) is very high, with >97% routinely achieved; reflection losses currently limit the overall q-plate transmission to ∼85%, but this figure could be improved significantly with a standard anti-reflection coating; (ii) the device is compact and stable, also in the long term, and requires minimum to no maintenance; (iii) the device works in transmission geometry and therefore is free of many alignment problems; (iv) the q-plate does not deflect the beam (unlike holographic methods) and hence does not introduce astigmatism; (v) it can be used in a wide range of frequencies and also with ultra-short pulses [14] ; (vi) electrical control can switch the device on and off or tune in general the plate for optimal operation at different wavelengths or for deliberately introducing partial OAM conversion; (vii) the device can be used to create superpositions of SAM/OAM states without using interferometric setups; and (viii) several q-plates can be arranged in cascade to be able to address a large range of OAM values.
In this paper, we will review a range of applications in which q-plate have been used to generate structured light beams, carrying OAM or featuring complex polarization topologies, focusing mainly on the progress occurring in the last 5-7 years. Due to the very large literature that has been produced in the last years, we had to make choices, and the presented collection is likely not exhaustive. Yet, we hope that the most representative works for each field of research here revised have been included.
The paper is organized as follows: in Section 2, the working principle of the q-plate is briefly recalled, and the main advances in the q-plate fabrication process and operation procedures are summarized; in Section 3, we survey recent works that exploit q-plates for OAM states generation and controlled manipulation; in Section 4, we review works that exploit the use of q-plates to generate vector beams, which are specific superpositions of SAM/OAM eigenstates; in Section 5, works concerning more complex structured light beams, e.g., involving infinite eigenstates of OAM, are discussed; in Section 6 we review those works which are mainly focused on the fundamental physics of structured beams, such as for instance threedimensional polarization geometries of highly non-paraxial beams. Finally, in the Conclusion (Section 7), we try to outline the scope of possible future applications of q-plate technology for the coming years.
Q-PLATE WORKING PRINCIPLE AND FABRICATION
The q-plate is essentially a LC cell, i.e., a thin (nematic) LC film sandwiched between two coated plane glasses. LCs are anisotropic (hence birefringent) fluids, with a nonrandom average local molecular orientation, usually specified by a unit vector n called molecular director. Unlike standard LC cells, which have a uniform director across the plate, a q-plate has a specific azimuthal pattern of n in the cell plane, with the azimuthal coordinate defined with respect to a central point, taken to be the coordinate origin.
In more detail, the angle α between n and a fixed reference axis in the cell plane, which can be identified with the x-coordinate axis, is a linear function of the azimuthal angle ϕ in the plane:
αϕ qϕ α 0 :
(1)
The coefficient q appearing in this expression is the topological charge, and the intercept α 0 is the angle of the LC director on the reference x axis. The angle α is instead taken to be independent of the radial coordinate r giving the distance from the origin. Equation (1) can be read as follows: in any circular counterclockwise path around the origin, the LC director n makes exactly q turns around itself. q can also be negative if the n rotation is clockwise. Moreover, q can be half-integer because n is physically equivalent to −n, i.e., the LC molecular director is a non-polar axis. This pattern can be written on the coating layer of the cell before introducing the LC in the cell, by means of different techniques. The most powerful and versatile one consists of the photo-alignment of dye molecules in the coating layers [15] , which will then force the LC molecules to follow the same alignment. As mentioned, the coefficient q in Eq. (1) is the topological charge that characterizes the central pattern singularity, and the OAM quantum number that a q-plate generates is 2q, while α 0 affects only the global phase of the emerging light. Another important parameter of the q-plate is the total birefringent phase retardation δ of the LC film. This is a function of film thickness and LC birefringence, but can also be modulated by an applied electric field (which tilts the molecular director away from the transverse plane of the q-plate, thus reducing the effective birefringence seen by light) [16] . This is a particularly convenient feature of q-plates built with thermotropic (nonpolymeric) LCs, which sets them apart from other diffractive-waveplate technologies. A first trivial consequence of this, e.g., is that one can literally turn on and off the plate with minimal to no change on any other optical parameter. A more detailed view of the q-plate layered structure can be seen in Fig. 1 , where the layers are disjointed (panel a) for clarity. A real device is presented in panel b, which shows the appearance of a q-plate if observed between crossed polarizers. A natural light image would show just a transparent piece of glass with wires, but when looking at the plate between two crossed polarizers, the LC birefringent azimuthal pattern becomes visible. The reason for the colored pattern is that the birefringent phase retardation is wavelength dependent, besides depending on temperature and other building parameters (mainly cell thickness). While operating the q-plate, this effect is under control by electrical tuning.
A. Q-Plate Fabrication
Several technical advances have been introduced since the first q-plate was built in 2006. The most important is clearly the photo-alignment method. The photo-alignment method here described [15] [16] [17] allows one to obtain, in principle, any integer and semi-integer, positive or negative q value, with an upper limit to the absolute value jqj, which depends only on technological constraints and protocols. This flexibility is ensured by the photo-alignment procedure, which enables one to write on the plate any pattern, provided it has an azimuthal cylindrical symmetry. More generally, masks and other more refined techniques may allow one to obtain a totally generic pattern, and thus to explore even more the space of complex beams that can be produced with this method. A simplified schematic of the experimental setup is shown in Fig. 2 .
Two indium-tin oxide (ITO)-coated glass substrates form the cell that will host the LC. ITO is a well-known transparent conductor, whose role in the cell will be explained in the following. Before building the cell, each glass substrate is spin-coated (on the ITO-coated side) with a solution of a photosensitive sulphonic azo-dye, and then heated for several minutes for evaporating the solvent. The thickness of the cell is a crucial parameter for q-plate operation, and its value should be small but very precise and uniform. To achieve this, dielectric micro-spacers (with 6 μm average thickness) are inserted between the two coated glasses before gluing them together so as to obtain an empty LC cell, with two sides of the cell left open for the subsequent LC filling. The next step is the writing of the orientation pattern on the azo-dye layer. When exposed to light with wavelengths in the blue or near UV, the azo-dye surfactant tends to reorient along a direction perpendicular to light polarization. This photo-alignment process is quite critical, and the result depends on light intensity, wavelength, exposure time, and many other details. But, if done properly, the resulting LC surface anchoring energy is comparable with the polyimide-rubbing-based alignment used in most LC technology. For this photo-alignment stage, we currently use a He-Cd laser emitting at a wavelength of 325 nm. The laser beam is polarization controlled by a half-wave-plate polarizer and then sent to a cylindrical lens, which creates a "brush of light" to illuminate only a narrow angular sector of the cell. The half-wave-plate polarizer and the sample are rotated stepwise by means of remote-controlled motorized mounts. At each angular step, a suitable exposure time is then needed to obtain stable dye alignment. By choosing the ratio between the angular rotations of the two motors, one writes the pattern needed to obtain a specific q value. It can be easily shown that the induced topological charge is given by q 1 ω p ∕ω s , where ω p and ω s are the angular speeds of the polarization and sample, respectively, and the sign corresponds to opposite () or same (−) rotation directions of the two mounts. Values of the topological charge ranging up to q 50 have been achieved by this method. After exposure, the plates are filled with the LC and sealed on the remaining open sizes by epoxy glue. Heating the sample above the LC clearing point and subsequent slow cooling helps removing occasional LC alignment defects.
B. Q-Plate Electrical Control: Tuning
When building the cell, the two glasses are set in a slightly shifted relative position, as shown in Fig. 1 (a), in order to be able to access the ITO-coated surface on both sides. Once the cell is sealed, two copper wires are welded with indium to the ITO thin film. As mentioned, by adjusting the AC voltage applied to the electrodes, it is possible to achieve full control of the birefringent phase retardation δ for a given operation wavelength and temperature.
When a beam traverses a q-plate with topological charge q and phase retardation δ, a fraction sin 2 δ∕2 of the photons in the beam has its SAM reversed and changes its OAM by an amount 2q. The remaining photon fraction cos 2 δ∕2 remains in its initial SAM and OAM states. Representing the left and right polarization states with the bracket notation, we can define the operation of the q-plate by means of the unitary operatorÛ, defined as follows:
Û jLi cosδ∕2jLi i sinδ∕2jRie 2iαϕ , U jRi cosδ∕2jRi i sinδ∕2jLie −2iαϕ : When the phase retardation of the q-plate is tuned to half-wave (δ π) the first term vanishes, and all the input photons are converted from right (left) to left (right) polarization and gain a helical phase 2αϕ 2qϕ α 0 . In the particular case of charge q 1, the total SAM OAM angular momentum remains unchanged when the beam passes through the q-plate, so that the change of the photon SAM is transferred entirely into a corresponding opposite change of the photon OAM, yielding a full spin-to-OAM conversion [6, 7] . A simple way of measuring the conversion efficiency associated with this process is shown in Fig. 3(a) , where a linear polarization is transformed into circular by a first quarter-wave plate (WP1) then converted by the q-plate (QP) and then rotated back to linear by a second quarter-wave plate (WP2), and finally split by a polarizer (P2) in two separate channels. The light intensity on each channel then gives a measure of the amount of converted/unconverted light. The result of a typical experiment is shown in Fig. 3(b) , where the two channels are shown as a function of the AC voltage applied to the plate (AC voltage is necessary in LC cell control to avoid charge accumulation, but the frequency within a given large range of tolerance is irrelevant). In the figure, each channel light intensity is normalized to the sum of the two. The conversion efficiency, which is the ratio between the intensity of converted light and total output intensity, is typically around 97%-98% at the peak.
The white (black) arrows indicate the points of maximum (minimum) of conversion efficiency. Switching between these voltage values can thus turn, for instance, a left (right) circular polarization OAM 0 mode into a right (left) circular polarization OAM 2q (OAM −2q) mode, as depicted in Fig. 4 , with no change in any other optical parameter. In the figure, the q-plate is depicted by using lines that are parallel to the LC local molecular director. In this representative case, the line orientation rotates by π when circling once around the center, thus realizing a q 1∕2 topological charge. The electric field tuning has, however, many more applications than just the switching between OAM states, as it will be clarified in the subsequent sections of this paper.
ORBITAL ANGULAR MOMENTUM GENERATION AND MANIPULATION AND RELATED APPLICATIONS
The most straightforward applications of the q-plate are for generating optical beams carrying OAM starting from ordinary Gaussian beams, or for modifying the input OAM according to prescribed laws. In this, q-plates are similar to ordinary spiral phase plates, but with several advantages, such as polarization control of the OAM variation, electrical switching, and tuning, multiple wavelength operation, etc.
A particularly good example of the special opportunities offered by the possibility of electrically tuning the q-plate phase retardation δ (which goes far beyond the simple on-off schemes) is provided in a work by Yan and coworkers [19] about stimulated emission depletion (STED) nanoscopy. STED is a very popular technique for far-field imaging that Fig. 3 . Experimental configuration for q-plate tuning (a) and the results observed on the two output channels (b). P1,2, polarizing beamsplitters; WP1,2 quarter-wave plates; QP, q-plate. Fig. 4 . Q-plate working principle; a pictorial representation of Eq. (2) in the optimal case δ π (reprinted with permission from Ref. [18] ).
bypasses the diffraction limit of light microscopy to increase optical resolution. It works by depleting the fluorescence in specific regions of the sample while leaving a central focal spot active to emit. This peculiar effect can be achieved by means of an inhomogeneous two-color beam having one color in the center and the second color around it, in a doughnut shape. Conventional STED requires one to align very precisely the excitation and the doughnut beams on a common axis, which is a demanding requirement for practical devices. With q-plates, the two-color beam can be achieved directly on a single optical line. Two beams at different wavelengths λ 1,2 are indeed mixed together in a fiber coupler with polarization controls and then sent to the q-plate. Since the phase retardation δ depends on λ, it is possible, by suitable choices of the wavelengths, to find a bias voltage that minimizes conversion efficiency for one color and maximizes it for the other, at the same time. Figure 5 (b) shows the two beams separately for a given value of the AC tuning voltage, while Fig. 5 (a) shows them together. Figure 5 (c) finally shows that the extinction of the doughnut beam in the center (which is obviously a critical parameter to achieve good STED imaging) is good enough (>18 dB) for STED applications. Moreover, the same concept has been proven to work for a three-color beam (two in the center and one in the doughnut), so that multiple fluorescent emitters can be used to reconstruct the image with a supercontinuum white-light generation source, allowing for using the q-plate in combination with single-mode optical fibers as a wavelength selective optical filter, or optical switch, to move between different frequency channels [20] .
A. Classical Communication with OAM Beams
Possibly the first connection between q-plates and classical information manipulation was given in a work in 2012 [21] , in which Karimi and coworkers demonstrated the possibility of converting OAM-encoded information into time-bin encoding or vice versa by exploiting a q-plate inserted in a ring cavity. At each round-trip in the cavity, a femtosecond light pulse goes through the q-plate and shifts its OAM by 2q. By setting the round-trip time, it is then possible to separate in time light pulses having different OAM values or generating different OAM values at different times, thus realizing a time-division multiplexing of OAM. This work was carried out in free space.
The key technology for optical communication is, however, that of optical fibers. In this area, q-plates have been recently used as higher-order polarization controllers for coupling freespace optical beams to specific higher-order fiber modes, in particular in the case of OAM fibers. An OAM fiber (or vortex fiber) is a specially designed optical fiber that is able to transport the OAM of light with little crosstalk to other modes. The q-plate has been demonstrated to be an ideal tool for exciting pure fiber modes of such fibers due to its simple geometry and large efficiency [22] . In more recent years, technological advances in the field of fiber manufacturing has made it possible to transmit simultaneously up to 12 independent OAM modes [23] over a distance of >1 km with sufficiently low crosstalk, and there is room for increasing this number at least by a further factor two with present technology. Mode-division multiplexing makes use of different modes supported by the fiber to encode separate channels, as long as these modes do not interact too strongly with each other. In normal fibers, the OAM modes are strongly coupled owing to perturbations and fiber bending because of their near degeneracy in frequency. It is possible to compensate these effects by digital processing, but at increasing costs in terms of time and energy of the compensation process, which effectively limits the number of modes one can couple in the fiber and detect at the output with a sufficiently small amount of errors. Special fiber designs allow now to couple more and more modes with minimal crosstalk, and thus the OAM-based mode multiplexing is getting closer to market-ready applications.
B. Quantum Information Technologies
Q-plates have been used as angular momentum converters for studying the dynamics of vortices (topological defects occurring in macroscopically coherent systems) created in quantum fluids, such as polariton condensates [24, 25] . Q-plates have been employed in quantum optics also to prove the experimental violation of Leggett-type inequalities for a hybrid entangled state of SAM and OAM of a single photon [26] and to demonstrate a scheme to generate non-coherent and coherent correlations, i.e., a tunable degree of entanglement, between degrees of freedom of a single photon [27] . Another important application of this technology in the area of quantum physics is the simulation of quantum dynamics, such as quantum walks, which will be reviewed separately in the next subsection.
In order to encode any kind of information into any kind of physical system able to carry this information from one place to another, one needs to define "states" and to define how to translate the information on those states. In the standard electricalcircuit approach, a state can simply be voltage on-off, so as to encode the message according to a binary Boolean algebra. A similar thing can be done with light, e.g., if one chooses the horizontal/vertical linear polarizations or the left/right circular polarizations as binary bases. This will represent a bit. In quantum information, the bit is replaced by a qubit, i.e., the state of the system is meant to be a quantum state. The qubit can be considered as the elementary unit of quantum information. It is possible to do so, for instance, with electrons (spin up/down) or with photons (right/left). In the latter case, a single photon can carry both states in a quantum superposition, and therefore it defines a qubit. One can actually think of enlarging the number of available states to more than two on a single photon, and this unit of quantum information in a high-dimensional space takes the name of qudit. It is evident that one can store a much larger amount of information per photon in such high-dimensional systems, and therefore it would be appealing to be able to create and manipulate those systems in a simple way. The q-plate actually gives a handy tool for this, as the OAM state of light can be used to encode information [12] , and the OAM quantum number is (in principle) infinite. The difficulties in generating and manipulating OAM states, however, can make a typical quantum experiment (where optical phases are usually critical) much more demanding. For example, a classic twophoton quantum interference process such as the Hong-Ou-Mandel effect was not demonstrated until recently for photons carrying non-zero OAM. The Hong-Ou-Mandel effect has played a crucial role in many landmark advances of quantum information technology, such as, for instance, quantum teleportation [29, 30] . This effect consists, in brief, of a destructive interference of equivalent outputs of indistinguishable photons following different paths, as in Feynman's interpretation of quantum theory. In particular, when two photons impinge on a 50% beam splitter from two different sides, they will always emerge from the beam splitter and be detected on the same side (i.e., one reflected and one transmitted), while the possibility that the two photons emerge from two distinct sides (i.e., they are both reflected or both transmitted) is entirely suppressed by interference, as long as they are indistinguishable. If the two photons have different internal quantum states, i.e., different polarization or other degrees of freedom, the effect vanishes, as seen in Fig. 6 [31] . The Hong-Ou-Mandel effect can be used to create an optimal quantumcloning machine, because if one of the two photons is the one to be cloned and the other one is random, the pair at the output of the beam splitter (on both sides) will present a larger probability that the two are identical with respect to the case in which they are not. This is nothing but a cloning fidelity, which can be shown to be equal to 5/6, i.e., the maximum value allowed by the no-cloning theorem. When attempting to increase the dimension of the qudit system to higher values, it is obviously critical to achieve with those systems the same level of control that has been already established for ordinary qubits, and the optimal cloning machine of OAM-carrying beams based on the Hong-Ou-Mandel effect was a striking demonstration of how much the simplicity of use provided by q-plates in handling OAM states can be beneficial to achieve this sort of result [28] .
The q-plate can find also other uses in the field of quantum information technology. An interesting example is given by the property of those SAM OAM states with vanishing total angular momentum to be invariant upon rotation [32] .
This property can be exploited in quantum communication, since the standard polarization encoding is prone to angular misalignment between the emitter and receiver reference frames [ Fig. 7(a) ]. By means of the spatial degree of freedom and due to the q-plate single-beam geometry, it is possible to encode the information in a rotation-invariant mode, which will not suffer any change in the relative angle between emitter and receiver, as basically both the SAM and the OAM parts will be affected in identical and opposite ways, compensating all rotation-induced phases. These proof-of-principle achievements were followed two years later by another work [33] , in which a full quantum key distribution protocol was implemented with rotationinvariant OAM beams on a length-scale of hundreds of meters. The initial encoding and final decoding of information in the protocol can be conveniently performed in polarization space (and with optical fibers), while free-space transmission is done in the rotation-invariant hybrid SAM − OAM space. In Ref. [34] , a quantum key distribution (QKD) with single photons has been realized with high-dimensional states in a turbulent free-space link of 0.3 km. The control of the radial profile of these complex SAM − OAM photonic states gives the opportunity to demonstrate hybrid high-dimensional QKD through obstacles with self-reconstructing single photons [35] . In freespace links, the effects of turbulence on the SAM − OAM classical entanglement of classical laser light have been used to characterize the perturbations on twin photons that are entangled in their OAM degree of freedom, providing an analysis of quantum channels by means of classical light in real time [36] .
If one reverses the point of view, and poses the problem of how to measure precisely the angle between emitter and receiver, the extreme sensitivity of OAM values with large total angular momentum quantum number m can be of precious help. Polarization photonic gears are q-plate-based devices for achieving very sensitive measurements of angles. The principle works as follows: in order to measure an angle between emitter and receiver with linear polarization, one can imagine to write the electric field as a combination of left and right circular polarizations. Each component is rotated with respect to the receiver frame by an angle θ that is then measured. If one makes use of OAM beams with large total (SAM OAM) angular momentum m, the relative phase of the two beams in the left/right base will now be mθ, as the azimuthal angle in the expression of the OAM beam is multiplied by m. The receiver will thus measure an angle mθ instead of θ, thus realizing a large enhancement of its precision. This method has been proven by a q-plate with q 50 so as to achieve a two orders of magnitude increase in angle measurement precision (m 2q s 101) [37] .
C. Simulating Quantum Walk Dynamics with OAM Beams
Q-plates are typically used to generate or characterize complex photonic states. However, they can play an invaluable role in the context of photonic simulations of quantum dynamics. Diverse optical setups have been developed in recent years to mimic the evolution of quantum particles (such as electrons) on discrete lattices. Lattice positions are encoded into nonoverlapping optical modes (spatial, temporal, etc…), and among these modes, one could think of using beams carrying OAM. q-plates can be conveniently used to introduce couplings between neighboring modes [38, 39] . In this scenario, in recent years, particular attention has been paid to quantum walks [40] [41] [42] [43] [44] . A one-dimensional quantum walk can be seen as the time-evolution of a system (for instance, a particle, or in general, a "walker"). This evolution is one-dimensional if the space of walker states has a unitary dimension, and it is quantum if the internal two-state system, which determines the next n th step (or "coin"), is a quantum state, unlike what happens in classical random walks, where the coin is a classical two-state system. The reason quantum walks have recently attracted so much attention from the research community is that they provide an ideal test-bed for understanding more complex quantum systems. For instance, they can be used as a playground for quantum simulation of topological phenomena. Topological phases in natural systems, such as topological insulators [45] , are intriguing and novel emerging states of matter, and yet their intrinsic complexity makes their investigation difficult. The possibility to represent them with artificial systems that retain enough of the complexity to be suitable for the purpose, but also have enough simplicity to be realized and studied in detail, is therefore highly desirable. Photonic quantum walks seem to posses this property, as demonstrated, for instance, by the direct experimental demonstration of topologically protected bound states [46] . Q-plates can be useful in this context, as they provide for a simple and straightforward method for coupling the walker and the coin [47] . The set of all OAM states of the beam forms the walker one-dimensional infinite lattice system, and the circular polarization is the coin two-state (left and right) system. In this protocol, time is a discrete variable (steps), and each step is one passage into a pair of optics made by a quarterwave plate for rotating the polarization (coin toss) and a q-plate for state transition (walker movement). Again, here the advantage of using q-plates instead of other mechanisms is twofold: on one hand, the coupling between SAM and OAM (which is not present in other OAM devices) and on the other hand, the simplicity of the q-plate operation geometry, which enables using a single-beam experimental setup with a fairly large number of steps, i.e., SAM − OAM interactions. A conceptual sketch of the quantum walk setup is shown in Fig. 8 . Such a setup was first presented in Ref. [39] , where a five-step quantum walk was demonstrated. Relying on the same platform, it has been possible to show that, by tuning the control parameter δ, one can actually realize quantum evolutions that are topologically non-equivalent [48] . In particular, abrupt variations in physical observables have been detected at transition points [49] , and a nice, simple method to read-out the system's topological invariants has been devised and demonstrated experimentally [50] . Very recently, in Ref. [51] , D'Errico and coworkers reported the realization of a novel setup, in which the walker degree of freedom is encoded in the 2D transverse wavevector of a paraxial beam. Here, to provide suitable quantum walk dynamics, LC gratings (named "g-plates" by the authors) replace the q-plates. This new setup has the intrinsic advantage of allowing for quantum-walk simulations over two-dimensional lattices.
BEYOND SAM − OAM CONVERSION: VECTOR BEAMS
The applications of q-plates in the first years were naturally devoted mostly to SAM − OAM conversion. However, the q-plate can operate in non-standard ways that open the route for more complex and exotic light structures. For example, in recent years, vector-vortex beams and polarization-singular beams have been generated by means of q-plates [52] [53] [54] . These peculiar beams possess nonuniform transverse polarization patterns, which are of interest in singular optics, such as, for instance, laser material processing [55] , particle acceleration [56] , optical trapping [57] , and microscopy [58] . Some vector beam examples are shown in Fig. 9 . If one operates, indeed, the q-plate with a non-circular polarization input light beam (and properly adjusts the electric tuning), one can obtain a plethora of superpositions of different OAM states and polarization, which fall collectively under the name of vector beams.
Let us consider as an example the very simple case of linear horizontal polarization going through a perfectly tuned q-plate having q 1∕2. According to Eq. (2), the jH i state (where the horizontal/vertical directions are defined relative to the q-plate reference axis), which is a superposition of jLi and jRi states, will be converted into again a superposition of jLi and jRi states, i.e., a linear polarization, but whose relative phase now depends on the azimuthal angle ϕ. The resulting beam will thus be linearly polarized everywhere, but with its linear polarization pointing always towards the center of the beam. This vector beam is known as radially polarized. Similarly, by using a jV i input state, we can obtain a vector beam in which the polarization is normal to the radius in every point (azimuthal beams). These two examples are shown in Figs. 9(a) and 9(b). More complex and exotic structures have been generated by exploiting the electric tuning, as shown in Fig. 9 (c) for jLi input state and δ π∕2 phase retardation in the case of q 1∕2 ("lemon" beam), q −1∕2 ("star" beam), and q 1 ("spiral" beam). Vector beams have a wide range of applications in optical tweezers [59] , particle acceleration [60] and trapping [61] , sharper focusing [13, 62] , improved laser cutting and drilling [63] , enhanced microscopy [64] , and metrology [37] .
Beyond their applications in classical optics, vector beams have also been exploited to investigate quantum mechanics. They represent a novel resource in quantum information protocols, and their use triggered a large number of seminal demonstrations. Symmetric pairs of vector beams define twodimensional spaces of non-uniform polarization states formally Fig. 9 . Polarization topological structure generated by a q-plate with q 1∕2 and δ π for H-linear (a) and V-linear (b) input polarizations (adapted from Ref. [52] ). (c) Polarization-singular beams obtained when shining a q-plate with δ π∕2 and q 1∕2 (lemon and star) and q 1 (spiral); see Ref. [53] . The colormap brightness represents experimental beam intensity; the reconstructed experimental local polarization state is represented with small polarization ellipses. analogous to the standard Poincaré sphere, which are known as hybrid Poincaré spheres or higher-order Poincaré spheres. Indeed, such beams correspond to states living in a highdimensional hybrid SAM OAM Hilbert space. Since the input light circular polarization sign determines the handedness of the induced OAM state, a classical superposition of polarizations (easily prepared with conventional optics) can be converted into quantum superpositions of positive and negative OAM values. A quantum superposition such as this naturally defines a qubit, but having the advantage of living (in principle) in an infinite dimensional space (a qudit). Finally, these states have been used to test the Hardy's paradox [65] and to investigate experimentally the violation of inequalities based on quantum contextuality [66] .
In the following subsections, we will review a number of experiments in which the simple scheme briefly presented here, and originally demonstrated in Ref. [52] , to generate vector beams has been replicated, in both quantum and classical regimes.
A. Laser Source Generating Complex Vector Beams
When dealing with vortex beams and other non-trivial light fields, one intriguing possibility comes to mind very naturally: a vortex laser, i.e., a laser source that can generate complex output modes instead of standard Gaussian modes in the first place, with controllable phase and polarization patterns on demand. The advantage is evident. A vortex laser would emit one single and clean higher-order spatial mode on request, such as, for instance, a Laguerre-Gauss mode, depending on the features of the laser cavity. When directly shining a q-plate or a spiral phase plate with a Gaussian beam, the output mode carrying OAM instead has a specific spatial structure, given by the so-called hyper-geometric Gaussian modes [67] . Furthermore, better efficiency can be achieved inside an optical cavity. In this case too, as in previously mentioned studies, the possibility to couple SAM and OAM offered by the q-plates, together with their alignment-robust transmission geometry, was the key to open a new door. Q-plates allowed Naidoo and coworkers [68] in 2016 to build the first configurable vortex laser. One important reason that previous attempts to create such lasers failed is the degeneracy in the handedness of the azimuthal modes. The problem is that standard laser cavities do not distinguish modes l and −l , because their spatial intensity distribution is identical: same radii of curvature of the wavefront, same Gouy phase shifts. Therefore intracavity losses cannot be used for discriminating the two modes, and thus uncontrolled helicities are generated and amplified inside the cavity. Here, the q-plate can play an important role, because if the OAM state is difficult to control, the SAM degree of freedom is not. Therefore, SAM can be used to control OAM through the q-plate. A conceptual sketch of the laser cavity is shown in Fig. 10 . The idea works as follows: a sequence of a quarter-wave plate and a q-plate forms a single SAM − OAM coupler module. Two modules are coupled in turn by a mirror (FM) that inverts the phase of both SAM and OAM components. If the waveplate and the q-plate are oriented along azimuthal angles β and γ (essentially equivalent to the α 0 angle, used in the notation in Section 2), respectively, then the second coupler will be oriented along −β and −γ for perfectly compensating the first one. Let us assume as an example that jβj π∕4, then each module will couple a homogeneous circular polarization state to a pure OAM state for any arbitrary value of γ, and a pure OAM mode with l 2q will appear at the laser output. Similarly, linear vector beams can be created by properly adjusting the two angles of each module; for instance, a radial beam is created for (β 0; γ 0), and an azimuthal beam is created for (β 0; γ π∕2), because the q-plates will work with linear polarization input, as already described at the beginning of Section 3. In actual laser realization, the two SAM − OAM coupler modules physically coincided, as the laser-cavity geometry was a V-shaped cavity Fig. 10 . Concept of the laser cavity for producing vector beams: Nd:YAG, active crystal; R1,2, end mirrors of the cavity; PBS, polarizing beam splitter; FM, polarization-insensitive out-coupling mirror; QWPs quarter-wave plates; QPs, q-plates (the angles in Greek letters correspond to the optical axis orientation for each optics). The pictures in the blue field show a colormap of the intensity pattern at each branch of the cavity. White arrows represent the polarization state according to the legend. In the actual V-shaped cavity, the two cavity branches were exploiting the same optical components with a small angular difference in the beam path (reprinted with permission Ref. [68] ). with a few-degree angular aperture, so that light reflected at the FM passed through part of the same cavity optics. With these methods, the authors were able to generate any possible vector beam with mode purity (i.e., the ratio of the power of the desired mode with respect to the total optical output power) as high as 98%.
B. Classical Communication with Vector Beams
The spatially inhomogeneous polarization of vector beams can be used to increase the transmission data rate of free-space optical communication by mode division multiplexing. The q-plates in this case can be used as mode (de-)multiplexers for vector modes, in a fashion similar to what was already described in Section 3.A. As a proof of principle, four vector modes, each carrying a 20-Gbit/s quadrature phase shift keying signal, for a total rate of 80 Gbit/s, on a single wavelength channel (λ ∼ 1550 nm) were transmitted on a single meter distance in the laboratory with less than 16.4 dB mode cros-talk. A major challenge for using mode multiplexing in free-space optical communication is atmospheric turbulence [69] . With respect to this issue, numerical simulations show that vector beams should have an advantage over OAM beams, because a vector mode could experience less scintillation upon propagation through atmospheric turbulence as compared to a pure OAM mode [70] . The radially dependent amplitudes of vector modes and OAM modes are expected to be comparable, and it is anticipated that the divergence of vector modes as they propagate through atmospheric turbulence is comparable to that of OAM modes. These simulations have not been confirmed experimentally yet. Nevertheless, the deleterious effects of atmospheric turbulence can be compensated via the measurement of spatially inhomogeneous polarization [71] , using a similar approach to that used for compensating the OAM modes alteration in free-space propagation via wavefront measurements [72] . Going beyond free-space communication, the use of vector beams and q-plates as (de-)multiplexers could also be beneficial for optical-fiber communication [73] , since vector modes are close to the "true modes" of optical fibers [74] .
C. Quantum Information with Vector Beams
For communication, either classical or quantum, the ability to store information is a crucial keystone. However, while storing classical information is relatively easy, and it is routinely done in many devices already available today, quantum information requires storing of quantum phases, which are much more fragile and hard to preserve. In this respect, the work by Parigi and coworkers [75] represents a significant advance in this research field. The storage and subsequent retrieval of information encoded with vector beams-at the single-photon level-has been achieved using a multiplexed ensemble of laser-cooled cesium atoms, prepared inside a magneto-optical trap (see Fig. 11 ). This setting requires simultaneous reversible mapping of polarization and spatial degrees of freedom, which is a nontrivial capability. In this experiment, a set of vortex beams is generated by q-plates and mapped into and out of the memory cells dynamically. The rotational invariance of the vector beams is preserved in this procedure, with fidelities close to unity and exceeding classical benchmarks for memory protocols. The protocol works on a three-level system, namely, two hyperfine ground states jgi and jsi and one excited state jei (upper-left panel in Fig. 11 ). The light to be stored addresses the jgi − jei transition. A control beam on the jsi − jei transition is first shined on the atomic ensemble. By switching off this beam, the optical states are then coherently mapped onto a collective material spin excitation. Switching on the control beam at a later time (in μs scale, lower-left panel in Fig. 11 ) triggers light emission and allows retrieval of the signal, at the single-photon level, in the same spatial mode, due to a collective enhancement effect.
For real-life quantum information protocols to be achieved, not only storage is important. One of the biggest challenges in this field is of course to minimize disturbances that can affect the message along its journey. Spatial properties of light are severely affected by spatial perturbations, such as the optical turbulence present in the atmosphere. Since hybrid qubits exploit OAM properties, they are also susceptible to atmospheric turbulence. This raises the question of whether the use of this Fig. 11 . Experimental scheme for the vortex beam quantum memory. QP, q-plate; HWP and QWP, half-and quarter-wave plates, respectively; PBS, polarizing beam splitter; SM fiber, single-mode fiber, SPCM, single-photon counting module; MOT, magnetic optical trap where the information is stored in a cold atoms ensemble. The levels diagram (a) and delayed retrieval of the signal (b) are shown in the insets (reprinted with permission from Ref. [75] ). additional degree of freedom does indeed provide a practical advantage. Even if OAM optical systems encoding classical information have recently started to be tested in real scenarios over distances on the order of kilometers with positive results [76] , future technologies for the transmission of quantum information must prove themselves to be more robust. So far, this was proven to be feasible, at least in the weak turbulence regime. In this intermediate regime a transmission fidelity close to unity was achieved for rotational invariant qubits [32, 77] . This robustness is due mainly to logical encoding and decoding procedures, both based on q-plates. Spatial perturbations with mirror symmetry in the OAM space result only in signal losses, rather than qubit state errors. The idea works according to this line: qubits are prepared with anti-symmetric OAM eigenstates jl i and j−l i. The two wave functions are equivalent under mirror reflection, so spatial perturbation with this symmetry affects both components equally. In the decoding procedure, the projection onto a zero-order OAM mode transfers the encoded information to the polarization degree of freedom, so that the effects of the OAM perturbation factor out, as they affect both OAM states equally. Of course, arbitrary turbulences do not have specific mirror symmetry, but it can be shown that in the weak turbulence regime, the perturbation appears as a multiplicative spatially dependent phase term, and this is enough to guarantee mirror symmetry. More refined protocols will be necessary to access the strong turbulence regime.
Another very interesting application of the q-plate in the quantum regime is the entanglement of vector-vortex beams. As known, the entanglement is a key concept in modern physics and one of the most enigmatic demonstrations of the quantum laws in nature. For entangled photons, however, the interest in fundamental physics is combined with a very applicative interest in quantum information technology. Entangled photons have been used for instance to demonstrate the first example of teleportation [29] and Bell's inequalities test [78] . The entanglement of photons can affect different degrees of freedom, such as frequency or path, and of course OAM and polarization. As vector-vortex beams are non-separable superpositions of SAM and OAM eigenmodes, photons in a vector beam are actually entangled "with themselves" on these two degrees of freedom (also called intra-system entanglement). On one hand, this single-particle entanglement cannot be used, of course, for proving non-locality, as it regards a single particle in a single spatial region. On the other hand, when preparing a pair of entangled photons in a vector-vortex spatial mode, a two-particle entanglement (similar to what was done in several other experiments on the SAM states alone) can be realized, as shown by D'Ambrosio and coworkers in 2016 [79] . The authors showed that both the intra-system entanglement between each photon SAM and OAM states and the inter-system entanglement between the two photon states are obtained at the same time. The former is related to the structure of vortex states, and the latter corresponds to entanglement between two complex vectorial fields. By performing a non-locality test in the vector-vortex space, it was shown that entanglement between complex vectorial fields can be effectively exploited as a resource in fundamental quantum mechanics as well as quantum information. The key element for producing such entangled states was the q-plate, as its use enabled the possibility to convert a usual two-photon polarization-entangled state obtained by nonlinear frequency conversion scheme to a SAM OAM entangled two-photon state. The q-plates are also very useful not only just for creating a given (and simple) vector beam, such as radial or azimuthal beams, but also for manipulating the beam in a very controlled and programmable fashion. The electrical manipulation of vector-vortex beams to obtain transformations describing curves entirely contained on a given hybrid Poincaré sphere is quite challenging, as it requires simultaneous action on both polarization and OAM degrees of freedom. But due to this electrically tunable device, any arbitrary transformation on the Poincaré sphere can be obtained, with high fidelity [80] .
STRUCTURING LIGHT TO STRUCTURE MATTER
When light interacts with condensed matter, the geometrical shape of the material inside the interacting region is not significantly affected to first approximation. The simplest thing that can happen is the absorption of one photon by one atom or molecule, which changes the internal state of the particle only until the energy relaxation restores the system to the ground state, releasing some heat. A photon may change the molecular shape as well, as, for instance, in cis-trans photoinduced transitions, but not the molecule position in space. When the interaction is very intense, however, more dramatic changes may take place. In this case, the simplest example we can think of is a thermally induced phase transition. In this case, the light acts mainly as a heat source. In fact, even in more complex phenomena, the interaction follows predominantly the intensity pattern of the light beam. There are cases, though, where this is not true, in the sense that the intensity pattern alone cannot explain the symmetry of the shapes transferred-or written-into the surface, either transiently or permanently, and the vectorial or phase structure of the illuminating field plays a role. In the following two subsections, we will analyze some interesting examples that have been obtained in soft and solid-state matter. In the case of soft matter, the vortex beams have been achieved by means of SLM and not by q-plates, but these results have been included here for completeness.
A. Soft Matter
Azobenzene is a chemical compound composed of two phenyl rings linked by a N═N double bond, and it undergoes photoisomerization of trans-and cis-isomers. The two isomers can be switched with light at particular wavelengths: usually blue/ultraviolet for trans-to-cis and green/blue for cis-to-trans isomerization. The process occurs in the picosecond time scale, while the subsequent relaxation is much slower, depending on the specific compound, and it can reach several hours. As the direction of the two rings connected by the N-bond defines a natural axis of the molecule, oriented molecules display nonisotropic properties, such as optical birefringence. The orientation can be induced by light itself, because the trans-molecules tend not to absorb photons with a polarization perpendicular to the molecule axis, and therefore a prolonged illumination with linearly polarized light will increase the amount of trans-molecules oriented in the direction perpendicular with respect to light polarization [81] . However, light can change not only the orientation of the azobenzene molecules, but also their position in space, a phenomenon known as light-induced mass migration. It can thus reshape the surface of a thin film [82] and induce the formation of a stable patterned surface, whose structures are permanent and can be erased by heat or by illuminating with incoherent uniform light. Obviously, these findings may have a potential impact, e.g., for optical data storage applications. Most widely accepted models for explaining this peculiar behavior are based on intensity gradients and polarization, as these are the two main ingredients that play a role in the mass migration. Therefore, two vector-vortex beams with opposite handedness but identical topological charge and polarization patterns should result in identical patterns on the surface, because their intensity and polarization profiles are identical. It turns out, by the pioneering work of Ambrosio and coworkers [83] , that this is not the case. Figure 12 shows two atomic force microscopy images of the surface of an azopolymer thin film illuminated with two vector-vortex beams having linear polarization everywhere but opposite handedness corresponding to m 10, respectively. It is evident that the polymer responds not only to the intensity and polarization distribution of the light field but also to its phase, i.e., to the helical wavefront shape. The authors proposed a semi-empirical model based on symmetry considerations: the phase of the vortex beam can play a dominant role in the writing process if an interference between the transverse optical field components E x and E y and the longitudinal component E z is allowed. This is not the case in isotropic media, but it is possible in azopolymers 2D surfaces, due to the anisotropic response of the material, which breaks the rotational symmetry. This phenomenological model was extended to a full microscopic model one year later [84] .
B. Condensed Matter
While in azo-polymers, the interaction with light is mediated by resonant transitions and the anisotropic properties of the material, other effects of that sort can be produced even on much simpler elements, such as, e.g., silicon, and many other semiconductors or dielectrics. The point in that case is not much about the material response itself, but about the response of hot and dense plasma, which is formed when the material is irradiated violently with an intense laser pulse. All these sometimes simpler and sometimes very complex effects go collectively under the name of "laser ablation." Ablation by laser pulses is a quite widely used technique for different purposes. To cite a few among others, one can mention pulsed-laser deposition [85] , in which the elements of the target material are ablated by a laser pulse and then condensed back into a crystalline form on top of a substrate surface to realize thin films with single atomic layer control, or surface micro-and nanostructuring [86] with a plethora of different applications, from adhesive and friction enhancement to coloring and aesthetic finishing.
When using ultra-short pulses (in the femtosecond regime) for laser ablation, the available time for interaction between the plasma and electromagnetic field of light is much shorter compared to more standard nano-and picosecond pulse durations. As a consequence, the main light-matter coupling occurs via multiphoton excitation of electrons into the conduction band or the vacuum (assumed to be instantaneous). The laser impact results thus in the emission of a considerable amount of electrons, leaving behind positive holes in the surface region. The time for bulk electrons to fill these holes is on the order of picoseconds, and therefore the region will be positively charged for a considerable amount of time and becomes electrostatically unstable. As a consequence, the surface will break apart by emitting positive particles (ions or clusters), which will be accelerated in the residual field. This electrostatic repulsion catastrophe is known with the name of "Coulomb explosion." The lattice destabilization has other consequences too: it relaxes via self-organized formation of regular micro-and nanostructures at the irradiated area, with a strong influence of laser polarization on structural symmetry, which is still not completely understood. One example is the formation of ripples, linear structures made of parallel lines, with a sub-wavelength period and direction that depends on beam polarization. Moreover, secondary effects can take place, such as the decoration of the irradiated area with nano-particles, attached to the surface after their formation outside the material, in the ablation plume [87] .
Q-plates have been used quite extensively in the last four years to produce both pure OAM beams and vector-vortex beams to be used for laser ablation of metals and semiconductors. Amoruso and coworkers [88] [89] [90] [91] [92] [93] [94] [95] have shown a variety of novel and interesting effects connected to the contemporary presence of structured wavefronts and ultra-short pulses. The central part of the ablated area (which corresponds to the hole of the doughnut, the singular point with vanishing intensity) is not affected by ablation, as one could expect, but only for low values of irradiation and number of shots. At higher values of these two parameters, the hole starts to host most of the nanoparticles created by ablation in the surrounding area, so much that it will eventually fill up and form a central 3D structure that resembles a pillar made of nanoparticles [89] . Ripples have been observed as well, with size and shape that depend on the fluence and number of shots, whose direction is orthogonal to local laser polarization, as already observed with non-structured light. In addition, novel unexpected features appear. Figure 13 shows the ablation pattern obtained on (100)-silicon using different vector beams (represented in the top left corner). The ripples with orthogonal direction are seen on the outer and inner parts of the ring, where the laser fluence is low. But in a large central annular region with high laser fluence, the structures are much larger (and thus they took another name: "grooves") and oriented parallel to beam polarization. For all investigated vector beams, grooves aligned parallel to the local beam polarization are present in the highfluence region, while ripples perpendicular to polarization are formed in the low-fluence areas.
Detailed investigations of the dependence of the two external and internal radii of ablated surface as a function of both laser fluence per pulse and total number of pulses revealed [90] that a specific single-shot threshold fluence F th,1 exists and that the threshold fluence for N pulses is given by the relationship F th,N F th,1 N ξ−1 , where ξ is a material-dependent incubation factor (which was found to be 0.81, consistent with previous results for non-structured light on silicon [96] ). The reason that the threshold fluence decreases with N can be understood quite simply if we consider that a pre-formed deformation or damage at the N − 1 th pulse determines a stronger effect of the N th pulse because of defect-assisted absorption or other more complex mechanisms, which take the collective name of "incubation effects." This was already known for ripples, but not for grooves, whose formation follows exactly the same incubation law with very similar factor (0.88) but higher single-shot threshold. Interestingly, one can analyze the pattern formed very close to the crossing between fluences below and above the ripples-to-grooves threshold, and find that the two structures are both visible and partially overlapped, suggesting a smooth transition rather than an abrupt change in the ablation processes. In particular, the similarity between the two incubation factors suggests that a common physical process is at play. A recent but relatively well-accepted model for the ripples formation is the Sipe-Drude theory [97] , which accounts for the interaction between an incident plane wave and surface scattered waves caused by the material's surface roughness. Although Nivas and coworkers have shown that a revised version of this theory could account for some features relative to the grooves formation too, a more detailed and exhaustive model is still lacking.
The investigation of this multi-focus topic has continued in many directions: ablation on metal surfaces [88] , the use of ablation patterns to characterize the Laguerre-Gauss vector beams [95] , and the use of partially converted beams (or complex superpositions of OAM eigenstates) for generating non-standard shapes, which could be used, for instance, to create laser-ablated periodic sub-wavelength structures (meta-materials) [94] .
FUNDAMENTAL RESEARCH ON COMPLEX STRUCTURED LIGHT
This section of the paper is devoted to describing those works-still performed with the use of q-plates or of other devices that represent q-plate generalizations-that concern neither the generation or control of OAM and SAM eigenstates nor the superposition of few such eigenstates, but whose aim is instead to study the fundamental physics of more complex structured light beams.
Perhaps the most prominent example of this kind of study is the work by Bauer and coworkers [13] , where the formation of a very peculiar polarization structure in the focal plane of a highly non-paraxial vector beam has been observed. In 1975, it was pointed out [98] that longitudinal components of an electromagnetic field must exist for any solution of the Maxwell equations, except for linearly polarized plane waves. The longitudinal component can be, however, quite small and difficult to measure, except in proximity of a tight focus, where the paraxial approximation is no longer valid [99] . It is intriguing thus to investigate what sort of shape the field in the focal plane will take in the case of tight focusing of twisted light. The emergence of a non-negligible longitudinal component could somehow transfer the twist in three dimensions. And indeed, something like this happens, as the authors found that the spatial structure formed by the major axis of the 3D polarization ellipse is a Möbius strip.
The Möbius strip is a peculiar 2D surface that does not possess a well-defined orientation. That means one can go from the upper to the lower surface without crossing the border, or alternatively one can follow the left border and then arrive to the right side of the strip without moving across the surface. Therefore, there are no lower or upper surfaces, nor left or right borders. This kind of structure can be realized in many artificial ways, but it is remarkably difficult to find in nature. Here, the strip is formed by the plane described by light polarization. Let us refer to Fig. 14: the circular image on the left of each panel represents a standard intensity map of the beam in the focal plane, with color coding for light intensity and the plane of the figure coincident with the xy plane in the focus, z being the propagation direction. If we ideally draw a circle around the center of the beam (indicated with a dashed line, which corresponds to the red circle in the main images) and then measure the polarization ellipse of light at every point of that circle, we find that the angle of its major axis changes and turns around the circle itself, several times, describing the Möbius strip, until it comes back to the same orientation when completing the round trip. This behavior is made more clearly visible in the figure by drawing one half of the polarization ellipse axis with green and the other half with blue, but this axis apparent polarity does not correspond to a physical property. Indeed, the polarization ellipse axis must not be confused with the instantaneous electric field (which is obviously polar).
This peculiar behavior has been observed experimentally with a technique based on a quite complex reconstruction of images taken with several masks of the light scattered from a nanoparticle placed in a given point of the beam where the electric field of light is to be measured [100] . The vector beams used in the experiment have been obtained with detuned q-plates, and are a superposition of the fundamental Gaussian and OAM 2q modes with opposite circular polarizations. The symmetry of the obtained beam belongs to the class of star symmetry [see Fig. 9(c) ], the topological charges investigated are q −1∕2 and q −3∕2, and the ratio between the two modes can be adjusted by varying the phase retardation δ using an applied voltage, as already described. Looking at Fig. 14, it is evident that the number of half-twists made by the ellipse major axis depends on the topological charge used for creating these vector beams.
Another work that deals with more foundational and general issues is reported in the paper by Piccirillo and others [101] about the measurement of OAM mean value and variance. When dealing with unknown superpositions of-in principleinfinite OAM eigenstates, the only way to measure the mean value and variance of the eigenvalues distribution is to measure the OAM spectrum, i.e., to project the superposition on a very large number of states and measure each of the superposition coefficients. However, if one is interested in having only a synthesis of this large amount of information, as represented by the mean value and variance, one can take another route, related to the topic of weak measurement in quantum mechanics. The basic idea is to let a simple system interact with the target system weakly, which means not to drastically change it (as a standard projective measurement would do because of the wavefunction collapse). Once this pre-measurement is done, the state of the ancillary system is measured, and the mean values and variance of the target state are reconstructed. In the work by Piccirillo et al., the target state is represented by the OAM state of the beam, and the ancillary system by the SAM of the beam. For the sake of brevity, we will not discuss the details of the method here. What it is interesting to note in this review is the unusual mode of operation of the q-plate used in the experiment. The q-plate was employed to generate known OAM superpositions for calibrating the system and unknown (and very large) superpositions for testing the method. The former case was managed with usual control of the input circular polarization and plate voltage. The latter was obtained in a more exotic way, by using the q-plate in a off-axis mode. The test beam was generated by means of a perfectly tuned q-plate with q 4, for circular polarization input, but the center of the beam was translated off the plate's central singularity by a variable distance x ms . In this situation, the input beam in the measurement setup is similar to a Gaussian beam with an added vortex located at a distance x ms from the beam axis. This is not an eigenstate of OAM, but it is instead a superposition of many different values of the OAM quantum number l. This method has been validated for values of l up to 8.
The same method for producing large OAM superpositions was employed by D'Errico and coauthors [54] last year to measure the full OAM distribution of an arbitrary paraxial optical field by means of digital analysis of the interference pattern formed by the target OAM beam and a reference Gaussian beam. The method takes advantage of the possibility to measure images rather than integrated intensities. If one measures a total of four images, two corresponding to the target and reference beams alone and two corresponding to both beams having a relative optical phase retardation of 0 and π∕2, it is possibleafter suitable digital processing of the images-to reconstruct the full OAM power spectrum, also known as spiral spectrum. In this method, the largest OAM eigenvalue that can be measured depends mainly on the camera resolution.
A. Beyond Q-Plates: Geometrical-Phase Optics So far we have reviewed different ways of using standard q-plates. However, we shall mention in this last subsection that q-plate technology, as already anticipated in Section 2, is capable of creating more complex spatial LC structures. The simplest thing that can be made when preparing a q-plate is to alter the computer-controlled movement of writing polarization and plate angles. Any relationship between the angle α of each molecular axis and the azimuthal coordinate ϕ can be programmed. For example, we consider the following structure: αϕ q tan −1 a tanϕ γ α 0 :
This relationship defines an ellipse with ellipticity a rotated by an angle γ, so that these structures have been called elliptical q-plates, whereas the same relationship for a 1 defines a circle and corresponds to the formula already presented in Section 2. This kind of special q-plate has been successfully utilized for creating "monstar" dislocations [102] , i.e., topological polarization structures that are intermediate between a "lemon" and a "star" pattern, as already described in Fig. 9 , and to obtain elliptical nodal areas in coherent light beams [103] . This last work could be very beneficial for astronomy in the emerging field of vortex-phase-mask coronagraphy [104, 105] . Finally, when considering general orientation patterns that can be written by photo-alignment on the q-plate, we can get out of the vortex beam research field and back to a more oldfashioned topic in optics, i.e., lens fabrication [106] . A standard lens is essentially a device that bends the wavefront of a light beam, and it does so by spatial modulation of the optical path at different positions in the transverse plane of the beam. A very similar wavefront transformation, though, can be obtained by introducing suitable PB phases. This has been realized by letting the LC axis angle α be a function of both the azimuthal ϕ and the radial r coordinates. Such a lens is quite different from a usual one. First of all, it is flat and only a few micrometers thick (the thickness of the LC layer in between the glass plates); second, it can work in different modes for different polarizations, for instance, converging for left-circular input and diverging for the right one; and third, the phase retardation δ can be controlled by electric voltage, and therefore the lens can be switched on and off on demand, or it can work for different colors, selectively, as we have already seen for q-plates in many applications. This concept was used last year to build a proof-of-principle discrete-elements example of a geometricalphase waveguide [107] . Of course, by exploring even more complex arrangements of the LC molecules, many more kinds of geometrical-phase optical elements will be fabricated in the future: here the possibilities are limitless and largely unexplored.
CONCLUSION
From its introduction in 2006 until now, the q-plate device has found a surprising number of diverse applications. In this progress review, we have surveyed many of the most significant ones, focusing mainly on results reported in the last 5-7 years. Let us now briefly discuss what could be the future prospects of this technology, also in the more general framework of the field of structured light [108] .
A first likely line of future development is towards more general 2D and even 3D control of optical fields. 3D here stands for involving all three orthogonal field components, as already demonstrated in pioneering works such as the polarization Möbius strip [13] , but also for space-variant in all three spatial coordinates, as in 3D-structured optical pulses. We expect that suitable q-plate elements in combination with other kinds of optical technologies will be able to improve the control on obtained structured light, for example by better combining radial and azimuthal structuring [109] , improving the spatial resolution [110] , and push the boundary of achievable structures even further. This in turn may find applications in more advanced optical manipulation (optical tweezers), optical material processing, optical filtering and coronagraphy, or in light-matter space-time-modulated interaction a, for example for quantum simulations with atoms or ions.
Another interesting area of likely progress is the one combining q-plates, OAM modes and waveguides, or more generally integrated optics. Very recently, the first integrated waveguides carrying vortex modes have been demonstrated [111] . Multiple-mode waveguides could be used in the near future for optical processing with increased functionalities, particularly in the quantum domain. A research effort towards using few-mode fibers for mode-division multiplexing in optical communication is currently under way and q-plates have already played a crucial role in coupling such modes in and out of the fibers. This effort will likely continue and be pushed even further, by increasing the number of available modes and improving the overall performances in terms of cross-talk. If successful, this is one area in which the chances of getting into real-world applications are high. The recently demonstrated waveguiding principle based on geometrical phases [107, 112, 113] could soon be demonstrated in continuous systems and applications based on it are likely to emerge.
Q-plate technology is currently being extended to different wavelength ranges, such as far-infrared and THz-waves on one side [114, 115] , ultraviolet and possibly even x-rays on the other side. Finally, the arrangement of large numbers of q-plate devices in sequence or in transverse arrays, or both, may further expand the range of application possibilities, introducing entirely new ways of controlling light propagation and evolution. The first examples of such devices are already promising in this sense [39, 51, 116, 117] .
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